
vailable evidence, as reported in [ 1-91, A suggests that the immune system dev- 
astation underlying AIDS is due to the re- 
lentless and grim evolution of the human 
immunodeficiency virus (HIV- 1). The 
dynamics of the interplay between HIV- 1 
and the immune system is not fully under- 
stood. What is known, according to the 
references, is that HIV- 1 replicates prodi- 
giously and that at a certain point in time 
starts destroying large numbers of cells of 
the immune system, more specifically the 
CD4 lymphocyte cells. It is known also 
that this replication is counteracted, typi- 
cally for many years, by a natural defen- 
sive response that curbs the virus growth 
rate. This response is attributed to the 
CD8 lymphocyte cells. However, what 
usually happens is that eventually the bal- 

ance of power shifts to HIV- l, which then 
gets the upper hand and inflicts the severe 
immune system impairment, leading to 
the full-blown manifestation of AIDS. 

It has been observed that the timing of 
this process varies greatly from patient to 
patient. Over the course of 10 years or so, 
most infected individuals advance to 
AIDS, but some patients are diagnosed 
within two years of infection, and others 
avoid AIDS for 15 years or more. Also, it 
has been reported [9] that some people 
have been exposed to HIV- 1 but were not 
infected by it. 

The mathematical models used to rep- 
resent various dynamical aspects of infec- 
tious disease can explain apparently 
baffling clinical signals and symptoms. 
Mathematical modeling of the interaction 
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0 

between HIV-1 and the immune system 
will improve the understanding of the dy- 
namics of the disease. The nonlinear dy- 
namic model presented in this article 
includes most aspects known thus far re- 
garding the dynamics of HIV- 1 in the hu- 
man body. It permits an analytical study 
of the dynamics of the disease (AIDS). 
The parameters used in the model can be 
estimated from data obtained in sequen- 
tial measures taken from patients without 
interrupting any treatment. The model can 
be used to determine the state of health of 
an individual, verify the effects of drugs, 
and make prognoses conceming the evo- 
lution of the patient, including correla- 
tions with clinical manifestations. 

The Model 
The CD4 and CDS populations in a hu- 

man have a typical range of equilibrium 
values, namely, from 500 to 1500 
cells/mm3 for CD4 and from 300 to 1000 
cells/mm3 for CD8. The ratio of CD4/CDS 
should stay between 1.2 and 2.2. 

What is known about the interaction of 
HIV-1 and the CD4 and CD8 lympho- 
cytes is the following: 1) HIV- 1 uses the 
CD4 cells to replicate itself 2 )  The larger 
the HIV-1 population, the larger the 
growth rate of the CD8 population; 3) The 
CDS cells attack HIV-1, destroying it; 4) 
Powerful modern antiviral drugs de- 
creases the growing rate of the HIV-1 
population. 

Starting from these premises, the fol- 
lowing dynamical model is proposed: . The growth rate of CD4 diminishes 

when the HIV-1 population grows. . The growth rate of HIV-1 increases 
with the increase in the population of 
HIV-1 and CD4. . The growth rate of HIV-1 decreases 
with the decrease in the population of 
HIV-1 and CD8. 

The HIV-1 population (i.e., the viral 
load) will be denoted bv V (it will corre- 
spond to lo' times the &a1 load measured 
in copiedml). The nonlinear differential 
equations of motion will be: Fernando Menezes Campello de Souza 
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dCD8 - 
~- 

dt 
-cCD8 + dCD8V + cCD8N 

(2)  

-- dV - eCD4V - fCD8V - U 
dt 

= (eCD4 - fCD8)V - U (3) 

where CD4N and CD8N are the equilib- 
rium values of the CD4 and CD8 popula- 
tions, respectively, in the absence of the 
virus; U corresponds to the dosage of the 
drug used in the treatment of AIDS (it is a 
control variable); CD4, CD8, and V are 
state variables; and a, 6, c, d, e, andfare 
the parameters of the system. They are all 
positive and assume specific values for 
each individual. 

In mathematical terms, the vationale 
behind the model is the following. The hu- 
man body has a homeostasis that regulates 
the normal levels of CD4 and CD8. These 
normal levels are CD4N and CDSN, re- 
spectively, in the absence of HIV-1 infec- 
tion (V = 0). The parameter a represents 
the dynamics of this regulating mecha- 
nism for CD4. The inverse of a (i.e., l / a )  
is the time constant, which is a measure of 
the speed of adjustment (return to the nor- 
mal value) after some perturbation occurs 
in the equilibrium point (Eq. (1)). The pa- 
rameter c plays the same role in the CD8 
population dynamics (Eq. (2)). 

When one individual HIV-1 copy 
meets a CD4 cell, the cell will be de- 
stroyed; thus, these encounters negatively 
affect the growth rate of CD4. The num- 
ber of those encounters will be propor- 
tional to the product of the populations of 

e probability of one 
such encounter depends on this product. 
The coilstant of proportionality is the pa- 
rameter b (Eq. (I)). 

When one CD8 cell meets an individ- 
ual HIV-1 copy, this encounter will trig- 
ger a mechanism that increases the 
production of CD8 cells. This means that 
the growth rate of the fighters of the 
HIV-1 will increase. The number of those 
encounters will be proportional to the 
product of the populations of CD8 and 
HIV-1. The constant of proportionality is 
the parameter d (Eq. (2)). 

HIV-1 “feeds on” (so to speak) CD4 
cells and is destroyed by CD8 cells. The 
feeding depends on the encounters with 
CD4 cells, and the destruction depends on 
the encounters with CD8 cells. The de- 
struction will also depend on the encoun- 
ters with a treatment drug. The parameters 

relating the growth rate of the HIV-1 pop- 
ulation with the feeding (replication using 
CD4 as raw material) and destruction by 
CD8 are, respectively, e and f (Eq. (3)). 
The use of a drug, represented by U, 
would intensify the process of destruction 

By solving the equation, one can study 
what happens with the CD4, CD8, and 
HIV-1 populations of an individual in- 
fected by the virus, with and without the 
use of the drug. If there are data about one 
individual, collected at appropriate times, 
it is possible to infer the parameters in the 
model. The focus here will be on the qual- 
itative aspects of the solution and the na- 
ture of the dynamic interplay, but a 
simulation is presented with values 
resembling a real case. 

of HIV- 1. 

The Equilibrium Points 
Suppose that U = 0, that is, the individ- 

ual is not being treated. The equilibrium 
point of a dynamical system is a point in 
which all the growth rates remain null. 
The system has two equilibrium points. 
The first corresponds to CD4 = CD4N, 
CD8 = CD8N, and V = 0. If eCD4N > 
fCDSN, then for any initial condition V(0) 
> 0 (that is, for any initial viral load corre- 
sponding to the instant of infection) the 
representative point of the system (i.e., the 
three populations involved) will move 
away from this equilibrium point, which 
is then unstable, as can easily be proved. It 
is easy to see that in this case, the growth 
rate of V,  namely, z, will be positive, and 
so the HIV-1 population will start to grow. 
This will affect, in tum, the growth rates 
of CD4 and CD8, and their noninfection 
(normal) equilibrium values, CD4N and 
CD8N, respectively. 

The second point of equilibrium corre- 
sponds to the case in which VE > 0, where 
VE is the equilibrium value of the viral 
load. In this case, the new equilibrium val- 
ues for CD4 and CD8 will be: 

aCD4N 
CD4E = ~ 

a f bVE (4)  
and 

cCD8N 

c-dVE ( 5 )  
CD8E = ~ 

Note that as VE increases, CD4E de- 
creases and CD8E increases. So, for VE > 
0, CD4EdD4N,  and CD8E > CDSN, as 
the empirical evidence has shown [l]. 
Since CDSE > 0 and VE > 0, it must be 
true that c-dVE > 0. In terms of the system 

HIV-1 “feeds 

CD4 cells and 

is destroyed by 

CD8 cells. 

parameters, the equilibrium point now 
will be: 

fbcCD8N i- eadCD4N CD4E = 
e(ad (6) 

JbcCD8N + eadCD4N 
CD8 E = 

f ( a d + W  (7) 

(eCD4N - fCD8N)ac 
fbcCD8N + eadCD4N (8) 

VE = 

In order for the equilibrium viral load 
to be positive, i t  is necessary that 
eCD4N-fCD8N > 0. If eCD4N-fCD8N < 
0, then V would automatically go to zero 
without the necessity of drugs. This case 
would correspond to an individual with a 
very effective CD8 cell system, as far as 
the fighting of HIV-1 is concerned. This 
individual would have a large value forf 
as compared to e. This is not the typical 
case. On the other hand, note that iff = 0, 
then the virus would destroy all the CD4 
cells, and, not having means to continue to 
replicate, its population would then also 
vanish. 

It should be noted also that at equilib- 
rium, the relation between the CD4 and 
CDX counts will be: 

CD4E - f 
CD8E e (9) 

A closer look at the expression for the 
equilibrium point will permit one to ob- 
tain some insight into the dynamics of 
this system. By fixing all the parameters 
and letting a be very big (think about the 
l imi t  as  a +  m),  one wil l  ge t  
CD4E + CD4N, CD8E + CD4N(eEf), 
and VE + (1 - s) f .  This would then 
be the result of greatly boosting the CD4 
homeostasis. If, in addition, one males 
the value of c very small as compared to 
d ,  then the equilibrium viral load would 
be very small, although strictly positive; 
i.e., V would not vanish. Note that a,  c, 
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and d,  are not parameters of the equation 
for V. The parameters that define the in- 
ternal dynamics of V are e and5 

It is useful to think of these parameter 
variations as control actions or strategies 
that could possibly be obtained via new 
drugs or treatments. The more intense the 
treatment, the smaller the HIV-1 popula- 
tion at equilibrium will be, but it will still 
not be zero. To control the growth rate of 
the viral load, one should decrease e and 
increase$ To eliminate the HIV-1 popula- 
tion, the condition eCD4N-fCD8N < 0 
must be achieved. If one can implement a 
virus-clearance procedure, this would be 
equivalent to introducing a control 
U = gv. 

If b is too large, VE will be smaller. So, 
if the HIV-1 were intelligent, it would try 
to keep b to a minimum, in order to reach a 
maximum equilibrium population. On the 
other hand, if the HIV-1 acts as an avid 
smuggler, it would try to have the greatest 
possible value for b. If b is really large, the 
CD4 equilibrium will be CD4E = 
CD8N(f/e). Then, iff < e, which occurs 
eventually in most cases, the patient dies, 
especially iff<<e. It would be a Pyrrhic 
victory for the virus. 

In order to speed up its growth, the vi- 
rus will always try to have an e as large as 
possible, unless it wants to commit sui- 
cide. When e is very large, one will have 
VE + ( c  / d). So, the equilibrium viral 
load is limited by the parameters of the 
CD8 internal dynamics. 

By working on Eqs. (6) and (7)  for the 
equilibrium populations of CD4 and CD8, 
respectively, one concludes that: 

1 + I  
$ + l  

CD4 E + CD8 E = 

1+’ 
CD8N + ‘ C D 4 N .  

l + $  

So, if ead < jbc  then CD4E+CD8E 
<CD4N+CD8N; that  i s ,  the  total  
(CD4+CDS) lymphocyte equilibrium 
population will be smaller than its normal 
value. Since b and e are under the control 
of the virus, one should try to adjust (via 
treatment) the parameters a, c ,  d,  and f so 
as to get ead =@c, in order to maintain the 
total lymphocyte population. 

Simulation 
The system was simulated using the 

following values:  CD4N = 1,000 
celldmm’, CDSN = 550 cells/mm’, a = 
0.25,b=50,c=0.25,d=10,e=0.01,f= 
0.0045. The initial conditions for the vari- 
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ables were CD4(0) = 1,000 cells/mm3, 
CD8(0) = 550 cells/mm’, and V(0) = 
0.0001 (corresponding to 1,000 cop- 
ies/ml). The results are shown in Fig. 1. 
The important feature here is the damped 
oscillatory nature of the CD4 and CD8 
populations, with essentially opposite 
phases. Valso has a cyclic behavior, but of 
a distinct nature, and it has a pulse-like 
shape. The first pulse corresponds to a 
very high level of the viral  load 
(758,566.70 copiedml). The equilibrium 
point for this case is: CD4E = 372.9 
cells/mm3, CD8E = 828.7 cells/mm3 and 
VE = 0.00840782 (corresponding to 
84,078.2 copiedml). The total lympho- 
cyte  population fal ls  f rom 1,550 
cells/mm3 to 1,202 cells/”’. The time 
scale can be adjusted by multiplying all 
the parameters by the same constant. 

During any particular time period, the 
CD4 and CD8 counts and the viral load 
are either increasing or decreasing. In a 
particular time period, if the variable is 
increasing, it is denoted by 1; if it is de- 
creasing, it is denoted by -1. The pattern 
obtained for the dynamics can thus be 
summarized as in Table 1 (see also Fig. 1). 

Note that there are periods ( 2  and 8) in 
which the viral load is decreasing and the 

CD4 count i s  also decreasing. In these two 
time periods, the CD8 count is increasing. 
In the 5th period, the viral load is increas- 
ing and the CD4 count is also increasing, 
but the CD8 count is decreasing. So, de- 
pending on the t ime that  the 
measurements are made, the correlations 
between CD4, CD8, and the viral load can 
be sometimes positive and sometimes 
negative. In order to make sense of the 
measurements, the dynamics of the sys- 
tem need to be taken into account. 

The use of a drug that decreases the 
growth rate of the virus population can be 
thought of as a feedback control that tries 
to bring the HIV-1 population to zero. 
When U = gV, Eq. (3)  becomes: 

-- dV - eCD4V - fCD8V - U 
dt 

= (eCD4 - fCD8)V - gV 
= (eCD4 - fCD8 - g)V, 

and the new equilibrium for the virus pop- 
ulation, VE, is given by: 

-x + 4.2 + y 
VE = 

2gbd 

where x = (g-eCD4N)ad-(fCD8N+g)bc, 
and y = 4abcd(fCD8N+g-eCD4N)g. (The 

1. CD4, CDS, and viral load dynamics (no drugs). 
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equilibrium population of V cannot be 
negative. Then, only the plus sign of the 
square root in Eq. (10) should be consid- 
ered.) In this case, VE will be zero when 
fCD8N+g-eCD4N = 0; that is, when g = 
eCD4N (7.525 for the parameters used in 
this simulation). Note that if an individual 
has parameters e and f such that 
eCD4N-fCD8N S 0, then that person will 
be naturally immune to the HIV-1 attack. 
That is, this immunity will occur when: 

e CD8N 
f - CD4N' 
--<- 

If a drug could be developed to in- 
crease f in such a way that this condition 
could be achieved, then a clearance of the 
HIV-1 population in the body would also 
occur. An increase in the value of d would 
provide a decrease in VE, but not the ex- 
tinction of the HIV-1 population. 

From Eq. (4), one can see that if b and e 
are very large, then the CD4 equilibrium 
population, namely CD4E, will be very 
small. If CD4E goes below a certain criti- 
cal level, it is known that the health of the 
individual would be severely impaired. 

So, in principle, one can control the pa- 
rameters a, c, d,J and g. As noted above, g 
represents feedback control via an exter- 
nal loop. The other actions, altering the 
values of the parameters, would represent 
a parametric control of the dynamical sys- 

tem. The parameters b and e are controlled 

F.M. Campello de Souza was born in 
Recife, Brazil in 1947. He received his 
B.Sc. in Electrical Engineering from the 
Universidade Federal de Pernambuco, in 
Recife in 1969 and his M.Sc. in Systems 
Engineering and Computer Science from 
Universidade Federal do Rio de Janeiro in 
1973. During the 1970-71 period he stud- 
ied in a special program in control systems 
in Toulouse, France. ln 1979 he received 
his Ph.D. in Electrical Engineering (Sys- 
tems) from Cornel1 University, Ithaca, NY. 
Since 1995 heis afullprofessor at the Elec- 
tronics and Systems Department at the 
Universidade Federal de Pernambuco. His 
research interests include decision theory, 
statistical inference, dynamic systems, 
economics, medicine, and the philosophi- 
cal & mathematical foundations of proba- 
bthty. He is currently the owner and chief 
consultant of Vade Mecum Consulting. 

by HIV- 1. 

Address  for Correspondence :  Dr. 
Fernando Menezes Campello de Souza, 
RuaNetodeMendonca, 121,Apto 2301, 
Tamarineira, CEP 52 050-100, Recife/ 
PE Brazil. 

References 
1. Sitnik R, Pinho JRR: Quantitation of HIV-1 
viral load using NASBA methodology and com- 
parison with other surrogate markers for disease 

24 IEEE ENGINEERING I N  MEDICINE AND BIOLOGY January/Februory 1999 


